We give a brief but complete account of all the essential facts concerning the ReedMuller and punctured Reed-Muller codes. The treatment is new and includes an easy, direct proof of the fact that the punctured Reed-Muller codes are the codes of the projective geometries over the binary eld. We also establish the existence of two short exact sequences that lead to new proofs that the minimum-weight vectors of the ReedMuller and punctured Reed-Muller codes are the incidence vectors of the appropriate geometric objects.
Introduction
In an attempt to understand generalized Reed-Muller codes and their relationship with the designs arising from a ne and projective spaces K. J. Rose and I were led to a reexamination of Reed-Muller codes and, in the process, have uncovered a new treatment of these important codes. I wish here to sketch this treatment to honor Jack van Lint on the occasion of his 60 th birthday. For a discussion of the application of the new ideas to generalized Reed-Muller codes the reader may wish to consult 1, Chapter 5] and for a complete account of the entire matter 3]. A traditional treatment can be found in 2].
Our point of view is geometric and it is the passage from projective space to a ne space | i.e. the deletion of a hyperplane at in nity | that yields two exact sequences that are at the heart of our treatment. This passage is quite transparent when working over the binary eld and thus the proofs in the binary case are rather easy; for generalized Reed-Muller codes | and especially for those given by non-prime elds | the proofs are more involved. But the exact sequences lie at the heart of that discussion also.
Notation and Background
Throughout F will denote the binary eld. Let W be a vector space of dimension m over F. Set B = F W , the vector space over F of all functions from W to F. The dimension of B is, of course, 2 m and addition and scalar multiplication are the obvious ones. We write x or w for a typical vector in W. Every vector in B can be viewed as a characteristic function of a subset of W and if X is such a subset we write v X for the characteristic function of X.
Thus, v X (w) = 1 if and only if w 2 X. These functions, that is the elements of the vector space B, may also be conveniently thought of as Boolean functions | as we next explain.
The function space B will be the ambient space for the Reed-Muller codes. In order to de ne codes in B = F W we must choose a basis. We make the standard choice, the In the next section we will see the connection between the Reed-Muller codes and the codes of the designs of points and ats in a ne spaces over F. We have so far simply recalled the traditional de nitions and simple results of the subject. We turn next to the geometric relationships.
Reed-Muller Codes and Geometries
Recall that if W is a vector space then the a ne geometry associated with W, AG(W), has as points the vectors in W and as so-called r-ats the translates of the r-dimensional subspaces of W with incidence being set-theoretic inclusion. Two r-ats are parallel if they are translates of the same r-dimensional subspace.
The projective geometry of W, PG(W), has as points the 1-dimensional subspaces of W, as lines the 2-dimensional subspaces and, in general, the r-dimensional linear geometric objects | dimension being taken in the projective sense | are given by the (r+1)-dimensional subspaces of W, incidence once again being set-theoretic inclusion.
The set of vectors W is the point set for any \design" de ned from an a ne geometry AG(W). The designs we have in mind are those given by the collection of r-ats for some xed r. The binary code of such a design consists simply of that subspace of F W generated by the incidence vectors of the r-ats.
Similarly, the designs from the projective geometry PG(W) all have point set W = W ?f0g. The fact that the projective points are simply the non-zero vectors of W is peculiar to the binary case. The designs we have in mind here are those given by the r-dimensional projective subspaces, in other words an element of the design is the set of non-zero vectors of an r + 1-dimensional subspace of W and the binary code of such a design is, once again, the code generated by the incidence vectors; this code has F W as its ambient space. In this section we prove that the binary codes of these designs are the Reed-Muller and punctured Reed-Muller codes and determine the minimum weights and the minimum-weight vectors. ? 1; m) . Moreover, the extended code of the design is generated by the incidence vectors of the (r + 1)-dimensional subspaces of W.
Since, for any vector space over F, the number of hyperplanes through a point is odd, every (r + 2)-dimensional subspace of W has an incidence vector that is the sum of all the incidence vectors of the (r + 1)-dimensional subspaces it contains. A peculiarity of the binary eld F is that an (r + 1)-at consists of an (r + 2)-dimensional subspace with the points of an (r + 1)-dimensional subspace, the subspace of which it is a translate, removed. In other words, in the code of the design it is the sum of the incidence vectors of an (r + 2)- We next wish to determine the minimum weight and the minimum-weight vectors of the Reed-Muller and punctured Reed-Muller codes. In order to do so we rst recall how to pass from the projective to the a ne by suppressing a hyperplane, the \hyperplane at in nity". In the binary case this passage is particularly transparent.
Let W be the underlying (m + 1)-dimensional vector space de ning the m-dimensional projective space PG m (F) and let P be a hyperplane, i.e. an m-dimensional subspace of W. Now A = W ? P is an m-at of W giving rise to an a ne geometry isomorphic to AG m (F). Further, W ?f0g = (P ?f0g) A and the points of PG m (F) are those of P ?f0g, and, by the inductive assumption, its weight would be at least 2 r+1 , an impossibility since the minimum weight is bounded above by 2 r+1 ? 1. We can therefore restrict ourselves to those minimum-weight vectors neither of whose projections are the zero vector. Thus the weight of v, by induction, is at least 2 r ? 1 + 2 r = 2 r+1 ? 1 and, moreover, such a vector, of weight 2 r+1 ?1, when restricted to P ?f0g is the incidence vector of an (r ?1)-dimensional subspace of the embedded projective space. To show that v is the incidence vector of an r-dimensional subspace of PG m (F) we construct an (r + 1)-dimensional subspace of W, S say, whose incidence vector v S agrees with v on P ? f0g and has at least one 1 in common with v on A, an easy matter: take S to be the subspace generated by the support of v on P ? f0g and one of the vectors in the support of v on A. Then the weight of v ? v S is easily seen to be less than 2 r+1 ? 1 Finally it should be noted that the code of the projective-geometry design is cyclic and hence so are the punctured Reed-Muller codes | which implies that the Reed-Muller codes are extended cyclic codes. The cyclicity of the codes of projective-geometry designs is due to the existence of Singer cycles and not dependent on the eld being binary.
